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In this paper, we derive several formulas of counting families of non- 
intersecting paths for two-sided ladder-shaped regions. As an applica- 
tion we give a new proof to a combinatorial interpretation of Fibonacci 
numbers obtained by G. Andrews in 1974. 

1 Introduction 

Let X = (xij) be an m x n matrix of indeterminates over a field K. Let 
I r+ i be the ideal of K[X] generated by the set of all (r + l)-minors of X and 
set R r +\ = K[X]/I r+ i; then it is well known that the multiplicity of Rr+i is 
given by 



The formula was first found by G.Z. Giambelli || in 1909, and a different 
formula was given by Abhyankar and Galligo |4j] later. Recently, Herzog 
and Trung generalized the formula as follows. 

Theorem 1.1 Let X = (x^) be a generic m x n matrix over a field K . Let 
ax < ■ ■ ■ < a r < m, b± < ■ ■ ■ < b r < n be positive integers. Let D t denote the 
part of X consisting of the first a t — 1 rows and the first 6* — 1 columns. Let 
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G t be the set of all t-minors of D t , t = 1, . . . , r, and let G>+i be the set of all 
(r + l)-minors of X. Let I be the ideal of K[X] generated by G = lf t =\Gt; 
then the multiplicity of K[X]/I is 

m + n — <2j — bj\ 




The proof of Theorem |1.1| can be sketched as follows. It is well known, 
from the theory of Grobner bases, that the Hilbert function of a homogeneous 
ideal J in a polynomial ring K[X] coincides with the one of the ideal I* 
generated by the leading terms of the polynomials of I (with respect to some 
term order). Therefore we can replace I by I* which is a monomial ideal. 
Since J* is a square free monomial ideal, we can associate with I* a simplicial 
complex A such that K[X]/I* is if [A], the face ring of A. By a result of R. 
Stanley 0, the multiplicity of if [A] is equal to the number of facets (faces 
of maximal dimensions) of A which can be characterized as families of non- 
intersecting paths. Therefore, the formula can be obtained by a method of 
I. Gessel and G. Viennot (see also Sect. 2.7]). 

The goal of this paper is to compute the multiplicity of certain ladder 
determinantal rings. Ladder determinantal rings arise for instance in Ab- 
hyankar's study on the singularities of Schubert varities of flag manifold. 
Let's recall the definition of ladder determinantal rings. Let X = (xij) be 
an m x n matrix of indeterminates over a field if. A ladder of X is a sub- 
set Y which satisfies the condition that whenever Xij,Xi*j> G Y with % < i' 
and j < j', then Xij^x^j G Y. Let Y be a ladder of X. Let G be the set 
of (r + l)-minors of Y and / be the ideal of K[Y] generated by G. It is 
shown in [0, Corollary 4.2] that G is a Grobner basis for I with respect 
to some term order of if [y], therefore I* is generated by the leading terms 
of the polynomials of G. As a consequence, the multiplicity of K[Y]/I is 
equal to the number of facets of a simplicial complex A associated to I*. 
Moreover, we shall see in section 3 that every facet of A can be character- 
ized as a family of non-intersecting paths of certain ladder-shaped region of 
the plane. Therefore, the computation of the multiplicity for K\Y\/I boils 
down to counting families of non-intersecting paths. In section 2, we prove a 
beautiful formula of counting families of non-intersecting paths for two-sided 
ladder-shaped regions, we state it in the following. 
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Theorem 1.2 Let m,n and r be positive integers with r < m < n. Let 
X = | 1 < i < m, 1 < j < n}. We define a partial order on X 

by setting < {i',j') if i > i' and j < j' . A path C from P to Q is 

a maximal chain in X with endpoints P and Q. We use w(P,Q) for the 
number of all different paths from P to Q. Let Y be a two-sided sub-region 
of X (see Figure 1 for an example ofY). Let Pi,Qi, i = 1, . . . ,r, be points 
of Y with the following properties: 

(i) Pi = (oj, n) and 1 = a\ < a 2 < ■ ■ ■ < a r < m. 

(H) Qi = (q, dj), 1 < c\ < ■ ■ ■ < c r = m and 1 = d\ < d 2 < ■ ■ ■ < d r < n. 
(m) If (1, 1) i Y, then (ci — 1, 1) G Y . 

Then the number of non-intersecting paths from Pi to Qi, % = 1, . . . , r, is 

det[w(Pi, Qi))i,j=i,..., r , 
where w(Pi, Qi) is the set of all paths from Pi to Qi. 

With the help of this formula and Theorem |3.1| , we are able to obtain the 
following results. 

Theorem 1.3 Let m, n, I, k and r be non-negative integers with k, I < min{m— 
2, n — 2} and r < min{m — k,n — I}. Let K be a field and X = (xij) be an 
m x n matrix of indeterminates. Let 

Y = {xij | 1 < i < m, max{l, I — i + 2} < j < min{n, n + m — k — i}} 

be a ladder of X . Let I = I r+ i{Y) be the ideal of K[Y] generated by the 
(r + l)-minors ofY and set R = K[Y]/I. Then the multiplicity of R is 



i,j=l,-,ri 



det rVf-lW m + n-i-j \ 

(ab^T \m-l + {a-b-l){i-l) + a{k-m)+b{l-n)J 

where T = {(a,b) G Z x Z | a - b = or 1}. 

Theorem 1.4 Let r, / and n be positive integers with r < I < n and 2r < n. 

Let X be a skew-symmetric n x n matrix of indeterminates x^, over a field 
K. Let 

Y — I max{l, i — 1} < j < min{n, I + i}, 1 < i < n} 
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be a diagonal ladder of X . Let Q r be the ideal of K[Y] generated by the set 
of all 2r-pfaffians ofY and let R = K[Y]/Q r ; then the multiplicity of R is 



detr V (-l) a+b ( 2n-2r-i-j Y 

\n-r -i + a(-r + i - 1) + b(r - I - %)) ' 



,,j=l,...,r-lj 



(a,6)GT 

where T = {(a, b) e Z x Z \ a - b = or 1}. 

2 Formulas of counting families of non-intersecting 
paths 

Let m, n and r be positive integers with r < m < n. Consider the set of 
points X = {(i,j) | 1 < i < m, 1 < j < n} of the plane We define a partial 
order on X by setting {i, j) < (i',f) if i > i' and j < j'. Let P,Q<EX with 
P > Q; a path C from P to Q is a maximal chain in X with endpoints P 
and Q- We use w(P, Q) for the number of all different paths from P to Q. 
Let Pi, Qi, i = 1, . . . , r, be points of X; a subset W of X is called an r-tuple 
of non-intersecting paths from Pi to Qi {i = 1, . . . , r) if W — CiU^U- - - UC r 
where each Ci is a path from Pi to Qi and where Ci fl Cj = if i ^ j. We 
use w(P, Q) for the number of all r-tuple of non-intersecting paths from Pi 
to Qi, where P = {Pi, . . . , P r } and Q = {Q±, . . . , Q r }. If all the points of P 
are on the line y = n and all the points of Q are on the line x = m, then we 



have the following result from |L0 . 



Theorem 2.1 Sect 2.7] Let X = {(i,j) \ 1 < % < m, 1 < j < n} 

be a subset of the plane with the partial order given in the beginning. Let 
1 < di < • • • < a r < m and 1 < b± < ■ ■ ■ < b r < n be strictly increasing 
sequences of positive integers. Let Pi = (a«,n) and Qi = (m, then the 
number of all r-tuple of non-intersecting paths from P to Q is 



det[w(Pi,Qj)}i, 



The goal of this section is to show that the same equation holds for 
ladder- shaped regions. 

Let Ck lt k 2 De a path from (ki,n) to (m, /c 2 ) with 1 < ki < m and 1 < 
k 2 < n. Let Ck 3 ,k A De a path from (1, /c 3 ) to (k^, 1) with 1 < k 3 < n and 
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1 < k 4 < m. If Y is the sub- region of X bounded by x = 1, x = m, 
y = 1, y = n, Ck lt k 2 an d Ck 3 ,k 4 y then we say Y is a two-sided sub-ladder of 
X (determined by Ck ly k 2 an d Cfc 3) jfc 4 )- Let Pi, Qi, i — 1, . . . , r, be points of F 
with the following properties: 

(i) Pj = (aj, n) and 1 = ai < ai < ■ ■ ■ < a r < m. 

(ii) Qi = (q, di), 1 < ci < • • • < c r = m and 1 = d\ < d 2 < ■ ■ ■ < d r < n. 

(iii) ci > k 2 if k 2 > 2. 

An example of Y with k\ = m — 2, /c 2 = n — 2, /c 3 = 4 and A; 4 = 7 is displayed 
in Figure 1. 



(m,n-2) 



g 2 

X 



(^ifgT^' 1 ) 

Figure 1 



We will show in the following that the same conclusion of Theorem |27T 
holds with respect to Y. In fact, our result is more general as we allow the 
points of Q to be in a more general position. However, before doing so, we 
need a couple of lemmas. 

Lemma 2.2 Let Y be the region described as above with (m — 1, k 2 ) € Ck x ,k 2 - 
Let P = (a,n) and Q = (m,d); then w(P,Q) = Y^t=d w (P'Qt)> where Q t = 
(to - l,t). 

Proof. Let S be the set of all paths from P to Q; then S is the disjoint union 
of St for t — d, . . . , k 2 , where 

S t = {C e S | (to, t) e C, (to, t + 1) £ C} 
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if t < k 2 and 

S k2 = {CeS | (m,k 2 ) EC}. 

For every t, let Q t = (m — 1, t) and let S' t be the set of all paths from P to 
Qt] then there is a one to one correspondence between S t and S' t (if C E S t 
then C - {(m, d), . . . , (m, t)} E S' t ), it follows that w(P, Q) = J2tLd w ( P > Qt)- 
□ 



Lemma 2.3 Let Y be the region described as above with = m—1. Assume 
that (&4, h) E Ck 3 ,ki and (k^, h+ 1) ^ Cfe 3 ,fc 4 /or some h > 2. If Qi = (m, 
wffli/i 1 = cZi < g?2 < <^3 < /i + 1; t/ien 

u;(P, Q 2 ) - w(P, Qs) = (d 3 - 4)w(P, Q) 

and 

w(P, QO - «;(P, Q 2 ) = (d 2 - 1) W (P, Q), 
where P is any point on the line y = n and Q = {m — 1, h) — (k^, h). 



Proof. We may assume that (m — l,k 2 ) E C^^. Then by Lemma |2T2 
w(P,Q) = Ylt=di W (PiQ't) f° r every z, where Q' t = (m — l,t). However, 
from the assumptions, we see that w(P, Q' t ) = w(P, Q) for 1 < t < h, where 
Q = {m — 1, h), therefore 



w(p,q 2 )-w(p,q 3 ) = YHl d M p 'Qt)-Yt d M p M 

= (d 3 -d 2 )w(P,Q). 
Similarly, w{P, Q x ) - w{P, Q 2 ) = (d 2 - l)w(P, Q). □ 



Now we state the main result of this section as follows. 

Theorem 2.4 Let m, n and r be positive integers with r < m < n. Let Y be 
the sub-region of X determined by some paths an d Ck 3 ,k 4 - Let P i} Q i} 

i — 1, . . . , r, be points of Y with the following properties: 

(i) Pi = (oj, n) and 1 = a% < a 2 < ■ ■ ■ < a r < m. 

(H) Qi = (q, di), 1 < c\ < • ■ ■ < c r = m and 1 = d\ < d 2 < ■ ■ ■ < d r < n. 
( Hi ) C\ > k 2 if k 2 > 2 . 
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Then 



w(P,Q) = det[w(Pi, Qj)]ij=i,..., r - 



Remark 2.5 1. Condition (ii) in the theorem says that no two points of Q 
will be on the same horizontal line. 

2. If there is no path from Pk to Qk for some k, then both sides of the 
equations are since w(P, Q) = and u>(Pj, Qj) = for i > k and j < k. 



Proof of Theorem 2.4 Assume without loss of generality that (ki,n — 
i),(m-l,k 2 ) e C ku k 2 and (2, fc 3 ), (fc 4 , 2) e C ksM . We proceed the proof by 
induction on r and the area of the region Y. We shall consider two situations: 
one is when m — k± > 2 and the other is when m — k± = 1. 

Assume that m — k 4 > 2. In this case, we will show the equation by induc- 
tion on the number of the intersection of Q with the vertical line x = m. So, 
let I be the non-negative integer with the property that q +1 — • • ■ — c r — m 
but Q < m, i.e., the intersection of Q with the vertical line x = m is 

{Ql+l, • • • , Qr}- 

Assume that I = r — 1. If P r — (m,n) then k± — m and k 2 = n. Fur- 
thermore, w(P r ,Q r ) = 1 and w(P r ,Qj) = for j = 1, . . . , r — 1. Let 
P' = {P 1 ,..., P r _ x } and Q' = {Q u . . . , Q r _i}; then by induction w(P', Q') = 
det[w(Pi, Qj)]i,j=i,..., r - 1) it follows that 

w(P, Q) = w(P', Q') = det[w(P h Qj)]ij=i,...,r-i = det[iu(P i ,Q J -)]ij=i,-,r- 

If a r < m and Q r = (^,^2), then w(Pi,Q r ) = w(Pi,Q' r ) for every i, where 
Q; = (m - 1, fc 2 ). Let = for j = 1, . . . , r - 1 and Q' = {Q[, Q' r }; 
then P and Q' are all in a proper sub-region of Y, so that by induction 

w(P, Q) = w(P, QO = det[w(P i ,Q , j )] iJ=lt ... tr = det[w(P h Qj)]^!,...,. 

From the above, we may assume that a r < m and d r < k 2 . Let Q r j = 
(m,t) for t — d r , . . . , fc 2 . Let S be the set of all r-tuple of non-intersecting 
paths from Pj to Qi (i = l,...,r); then S is the disjoint union of S t for 
t — d r , . . . ,k 2 , where 

S t = {Ci U C 2 U • • • U C r e S I Q r>t G C r , g r , t+ i ^ C r } 
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if t ^ k 2 and 

s k2 = {d u c 2 u • • • u c r e s | g r , fc2 G C r }. 

For i = d r , . . . ,k 2 , let Q' rt = {m — l,t) and let be the set of all r-tuple 
of non-intersecting paths from P to Q' t , where Q' t = {Qi, . . . , Q r - 1, Q r ,t}- 
It is clear that there is a one to one correspondence between St and S^ (if 
CiUC 2 U- • -UC r e S t , then CiUC 2 U- • •UC r -iU(C r -{Q r , t , Q r , t _i, . . . , Q Mr }) G 
therefore 



l^i = |^| = det[w(Pi, qo • • • ™(p, Q r _o ™(p, q; 



dt=i, 



by induction as P and Q,[ are all in a proper sub-region of Y\ However, 
Ylt=d r w {Ph Q'rt) = w {Ph Qr) by Lemma |2^ , it follows that 

w(P,Q) = N = det[«;(Pi,Q i )]ij=i,..,r- 

t=d r 

Assume that I < r — 1. If c^ +2 — = 1, then iw(P, Q) = u>(P, Q'), where 
Q' = {Qi, ...,Qi, (m-l,di +1 ),Qi +2 , . . .,Q r }. Let Q' l+1 = (m-l,d { +i); then 
it is clear that w(Pj, Q; +1 )+ty(Pj, Qi+ 2 ) = w(Pi, Q 1+1)1 it follows by induction 
that 

MP,Q) 

= det[w(Pi, Ql) ■ ■ • W(P, <5{ +1 ) W(P, Q/ +2 ) • ■ ■ w(Pi, Q r )]i=l,...,r 

= det[w(P i , Qi)--- w(P h Q' l+1 ) + w(Pi, Q i+2 ) w{P h Q i+2 ) ■ ■ ■ w(P h Q r ))i=i, 
= det[w(Pi, Qi) • • -w(Pi, Qi+i) w(Pi,Qi +2 ) ■ ■ -w(P h Q r )]i=i,..., r - 

Assume that di +2 — di + i > 1. Let Qi+xj, = (m, t) for t = di + %, . . . , di +2 — 1 
(Qi+i,d l+1 = Qi+i)- Let S be the set of all r-tuple of non-intersecting paths 
from Pj to Qi (i = l,...,r); then S is the disjoint union of S t for t = 
di+i, . . .,d i+2 - 1, where 

S t = {Ci u ■ • -C r e S I (m,t) e C l+1 , (m,t + 1) £ C, +1 }. 



For t = di + i, . . . , c^ +2 — 1, let Q' [+1 1 = (m — 1, t) and let S' t be the set of all 
r-tuple of non-intersecting paths from P to QJ., where 

Qt = {Qii ■ ■ ■ iQii Qi+xp Qi+2i • • • > Qr}, 
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then as the above \S t \ = \S' t \ and 

\S' t \ = det[w{P h Qi) • • ■ w{P h Q[ +1>t ) w(P h Q l+2 ) ■ ■ ■ w{P h Q r ))i=i,..., r 
by induction. However, 

££C w(Pi, QUt) = T!li dl+1 HP, Q'i + i,t) ~ Et dl+2 Ufa QUt) 

= w(Pi, Qi +1 ) - w(Pi, Qi +2 ) 
by Lemma [2.2| , it follows that 
w(P,Q) 

= det HPi, Ql) ■ ■ ■ U>(Pi, Q'l+l,t) U>(Pi, Ql+%) ■ ■ ■ ™{ P i, Qr))i=l,...,r 

= det[w(Pi, Qi)--- w(Pi, Qi +1 ) - w(P h Qi +2 ) w(P h Q l+2 ) ■ ■ -w{P h Q r )}i=i,..., r 
= det[w(Pi, <5j]i=i,...,r- 

We now assume that m — k± — 1. If this is the case, we have Qi = (m, di) 
and Qi = (m, 1). Moreover, there exists an integer h > 2 such that (&4, h) G 
Cfc3 5 fc 4 and (/c 4 , /i+ 1) ^ Cfc 3 ,fc 4 . To show the equation, we consider the follow- 
ing three situations: (1). d% < h + 1, (2). d 3 > /t + 1 and d 2 < h + 1, and 
(3). d 2 > h + 1. 

If c?3 < then it is easy to see that w(P, Q) = 0. Moreover, by 

Lemma |2.3| , the first three columns of the matrix [w(Pi, Qj)]i,j=i,...,r are li n_ 
early dependent, it follows that det[u>(Pj, Qj)]ij=i,..., r = = io(P, Q). 
Suppose that c? 3 > /i + 1. Let S 1 be the set of all r-tuple of non- intersecting 
paths from Pj to Qi\ then S is the disjoint union of S t for t — 1, . . . , d 2 — 1, 
where 

5 t = {d U • • • U C r G 5 | (m, £) G Ci, (m, t + l)$ C x }. 

For t = 1, . . . , d 2 — 1, let Q[ t = (m — 1, t) and let S' t be the set of all r-tuple 
of non-intersecting paths from P to QJ., where 

Qt = {Q'x,ti Qzi ' ' ' > Q?-}' 

then as the above \S t \ = \S' t \. Furthermore, let Q[ = (m — l,h), Q' 2 = 
(m, h + 1) and 5" be the set of all r-tuple of non-intersecting paths from P 
to Q', where 

Q = \Q\i Q21 Qz-i ■ ■ ■ ' Qr}- 
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Assume d 2 < h + 1. Then it is easy to see that \S' t \ = \S'\ for every t, hence 

d 2 -l 



p,Q) = ^|s;i = (rf 2 -iMP,Q'). 



w y 

t=\ 



Since P and Q' are all in a proper sub-region of Y and the points of P and 
Q' satisfy the conditions (i) to (iii), 

\S'\ = w(P, Q') = det[w(P h Q[) w(P h Q' 2 ) w(P h Q 3 ) ■ ■ ■ w(P h Q r )] i=1 ,..., r (1) 



by induction, therefore by Lemma ^3 

w(P, Q 1 ) - w(P h Q 2 ) = (d 2 - l)w{P h Qi) 

and 

w{P, Q 2 ) - w(P h Q' 2 ) = (h+l- d 2 )w(P h Q[), (2) 

we obtain that 

det[w(Pi,Qx) w(Pi,Q 2 ) ■ ■ ■ w(Pi, Q r )]i=i,..., r 
= det[w(Pi,Qx) - w(Pi,Q 2 ) w(Pi, Q 2 ) ■ ■ ■ w(Pi, Q r )]i=i,..., r 
= det[(d 2 - l)w(P h Q[) w(P i ,Q 2 )---w{Pi,Q r )]i =1 ,... > r 
= det[(d 2 - l)w(Pi, Qi) w{P h Q' 2 )---w{P u Q r )] i=1 _ r 

= MP,Q). 

Assume d 2 > h + 1. Then it is easy to see that \S' t \ = \S'\ if t < h, hence 

w(PM)= d f^\S' t \= X; \S' t \ + h\S'\. (3) 

t=l t=h+l 

Notice that P and Q[ are all in a proper sub- region of Y for t > h+1, 
therefore, 

w(P,Q' t ) = det[w(P h Q' 1)t ) w(P t ,Q 2 )---w(P h Q r )} i=1 _ r 
by induction. From ([!]), (|]), @ and the fact that 

d 2 -l 

w(P u gO - w(Pj, Q 2 ) = hw(P u Q[) + w ( p *> Q'x,tl 

h+1 
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we obtain that 



det[w(Pi, Qi) w(Pi, Q 2 ) • ■ • w(P h Q r ))i=i,..., r 
= det[w(Pi, Qi) - w(P h Q 2 ) w(Pi, Q 2 ) ■ ■ ■ w(P h Q r )]i=x,...,r 
= det[hw(Pi, Q[) w(Pi, Q 2 ) • ■ • w(P h Q r )]i=i,..., r 

+ Etlli det[w{P h Q' u ) w{P h Q 2 ) ■ ■ -w{P h Q r )]i=i,...,r 
= hdet[w(P u Q[) w(P h Q' 2 ) w(P I ,Q 3 )---w(P i ,Q r )} i=1> ... tr + J2 d t r h li\S' t \ 
= w(P,Q). 

This completes the proof. 

Theorem p.4| generalized the following result. 

Corollary 2.6 j^, Theorem 1] Let X = \ < % < j} be a subset of 

the plane with the partial order given in the beginning. Let < a,\ < ■ ■ ■ < 
and < bi < ■ ■ ■ < bk be strictly increasing sequences of non-negative 
integers. Let Ai = (0, cij) and Bi = (bi,bj); then the number of k -tuple of 
non-intersecting paths from Ai to Bi, i — 1, . . . , h, is 

Proof. The assertion follows from the fact that w(Ai,Bj) = (^). □ 

3 Paths of two-sided regions 

Let X = {{i,j) | 1 < i < m, 1 < j < n}. We define a partial order on X by 
setting (i, j) < (i',j f ) if i > i' and j < j'. As before, if P and Q are points 
of X, then a path C from P to Q is a maximal chain in X with end points 
P and Q. A path C is called a diagonal path if C satisfies the following two 
conditions: (1). if {i — 1, j), (i, j) G C and (i, j) is not the final point of C, 
then (i, j — 1) G C. (2). If (i, j + 1), (i, j) G C and (i,j) is not the final point 
of C, then [i + 1, j) G C . For convenience, let Ck denotes the diagonal path 
{(m — k + i,n — i) \0 < i < k}U{(m — k + i,n — 1 — i\0<i<k — 1}, and C\ 
denotes the diagonal path {(i : l + 2-i | 1 < i < Z + l}U{(i + l, l + 2-i) \ 1 < 
i<l}. 

Let Y be a two-sided sub- region of X. If Y is determined by Ck and C\ 
for some integers k and I, then we say that Y is a two-sided diagonal ladder 
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(see Figure 2). The goal of this section is to derive the following formula for 
such regions. 

P(l n) Cm-k,n) 



_ l_Xm,n-k) 

Qt x Pt 



(1+W0tm,l) 



Figure 2 



Theorem 3.1 Let m, n, k and I be non-negative integers with k, I < min{m— 
2, n — 2}. Let X = {(i,j) \ l<i<m,l<j<n} with the partial order given 
in the beginning. Let Y be the two-sided diagonal sub-ladder of X determined 
by Ck and C\. Let P = (l,n) and Q = (m, 1); then 

w{P,Q)= £ (-1) 

(i,j)eT 

where T = e Z x Z | % - j = or 1}. 

Remark 3.2 If I = 0, i.e., Y is an one-sided diagonal ladder of X deter- 
mined by Ck, then 

W ^={ m _l )-{ ,-1 ) 

as 

( m + n — 2 
\m — 1 + i(k — m) — jn 

unless = (0,0) or (1,0). 

We need several lemmas before proving the formula. The first lemma is fairly 
easy, we omit the proof. 

Lemma 3.3 Let T = E Z x Z | % — j = or 1}. Then the following 

hold. 



m + n — 2 
m — 1 + i(k — m) + j(l — n) ) " 
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(i) If 0i : T — > T is a map given by (f>i((i, j)) — (1 — i, —j), then 0x is a 

bijection. 

(ii) If <p2 '■ T — > T is a map given by 2 ((2, j)) = (—i, —j — 1), then 02 is 
a bijection. 

Lemma 3.4 The following identities hold. 

(i) . 

m + k-2 \ _ / m + k-2 

m — 1 + i(k — m) + j(l — n)J \m — 1 + (1 — i)(k — m) — j(l — n) 

(ii) . If m = I + 2, then 

m+n—4 \ / m+n— 4 

m — 3 + %{k — m) + j(l — n) J \m — 3 — i(k — m) — (j + !)(/ — n) 



Proof. The first equality follows from the fact that 

[m — 1 + i(k — m) + j(l — n)] + [m— 1 + (1 — i)(k — m) — j(l — n)] = m + k — 2. 
Similarly, the second equality follows from the fact that I = m — 2 and 
[m — 3 + i(k — m) + j(l — n)] + [m — 3 — i(k — m) — (j + — n)] = m + n — 4. 
□ 

Lemma 3.5 If t > I and k < n — t, then 



V f-lV+'Y m + n-t-2 \ 

^} ' \ m -2 + i(k-m)+j(l-n)J 



(<J)er 



m + n — t — 2\ fm + n — t 
m-2 )~\ k-2 



Proof. To show the equation, it is enough to show that 

m+n-t-2 , 
m — 2 + — m) + j(l — n) 
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unless j = 0. For this, let G T. If j < 0, then i < 0, so that 

to — 2 + — to) + j(Z — n) > m + n — I — 2 > m + n — t — 2, 
it follows that 



m + n — t — 2 
K m — 2 + i(A; — to) + j(Z — n) 
If j > 0, then % > 1, so that 



0. 



to — 2 + — to) + j(l — n) < to — 2 + (k — to) + (I — n) < k + t — n < 0, 
it follows that 



m + n — t — 2 
to — 2 + — to) + j(7 — 



0. 



□ 

Lemma 3.6 Let a < b < n be positive integers; then 

f n — l\ fn — a + 1\ / // i> 



A; / V^ + l/ \k + l 



Proof. We prove the equality by induction on b — a. If b — a, then the 
equality is trivially holds. If b - a > 1, then (""') = (^f) - p"* 1 ) 

by induction, it follows that 

Eb (n-l\ _ sr^b-l (n-l\ , /n-6\ 
(=a U i ~~ 2^=a I fc J + I k J 

= (-t 1 ) - + (V) 

/n-a+l\ _ /n-fA 
~~ V fc+1 ) \k+l) 

□ 

Proof of Theorem 3.1 We proceed the proof by induction on to. Let 
Qt = (to, t) for t = 1, . . . , n — k + 1 (see Figure 2). Let S* be the set of all 
paths from P to Q; then S* is the disjoint union of St for t = 1, . . . , n — k, 
where 

S t = {CeS\Q t eC,Q t+1 <£C}. 

For t — 1, . . . , n— /c, let Q£ = (to— 1, t) and let S' t be the set of all paths from P 
to Q' t . Then there is a one to one correspondence between S t and S' t (if C <E S t , 
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then C - {Q t , Qt- h . . . , Qx} 6 S' t ). Therefore w(P, Q) = YZ£ w(P, Q' t ). To 
show the theorem, we consider two situations: (i). to > I + 2 and (ii). 
to = I + 2. 

Assume first that to > I + 2. If t < I, then 



(ij)er 



by induction. If t > I, then by induction and Remark ^2 

'm + n — t — 2\ fm + n — t- 
to-2 / V fc-2 



W (p,g;) 



so that (|) also holds in this case by Lemma 3J3. Furthermore, by Lemma |3T3| (i) 
and Lemma |5~3|(i), we see that 

m + k-2 \ =Q 

~ T V m - 1 + ^(^- m )+i(^-^)/ 

It follows by Lemma that 

En-fc V / m+n—t—2 \ 

t=l Z^(i,j)eT\ L ) \ m -2+i(k-m)+j(l-n)) 
\n—k ( m+n—t—2 



\i+j v^n-fc / m+n-i-2 \ 

(i,j)eTl X / 2-^=1 \m-2+i(k-m)+j{l-n)) 

m+n-2 \ _ I m+k-2 \i 

(i,j)€T\ 1 ) \-\m-l+i(k-m)+j(l-n)) \m-l+i(k-m)+j(l-n)J J 
— V f—lV+if m+n-2 \ 

^(*j')GTl x ^ ^ m -l+i(fc-m)+j(Z-n)/ 

Assume now that to = Z + 2. If this is the case, then w(P, Q[) = w(P, Q' 2 ), 
so that w(P, Q) = w(P, Q' 2 ) + J2t=2 k w {Pi Q't)- Again, by induction, 

Therefore by ([5]) and Lemma ^6 , 
w(P,Q) 

E( , _lV+jV m+n-4 \ _|_ s-^n-k m+n—t—2 

(i,j)eT\ L J \m-2+i(k-m)+j(l-n)) ^ 2^i=2 Zj(ij)e7A 1 J \m-2+i(k-m)+j(l- 

E( _-i \i+j\( m+n-4 \ , sr^n-k I m+n—t—2 \~i 

(i,i)eTV L J [\ m -2+i(k-m)+j(l-n)) l^t=2 \m-2+i(k-m)+j(l-n))\ 

E( m+n-4 \ , / m+n-3 \ / m+k— 2 

(ij')eTA X J IAm-2+i(fc-m)+j(Z — n)/ Vm— l+i(fc— m)+j(2— n)/ Vm— l+i(fc— m)+j(l— 
_ f_lV+irf m+n-4 \ , / m+n-3 \i 

£u{i,j)eT\ V l\ m -2+i(k-m)+j(l —n)J \m—l+i(k—m)+j(l—n)'i 

E(_i\i+j\( m+n-2 \ _ I m+n-4 \i 

(i,j)£T\ L ) l\m-l+i(k-m)+j(l —n)J \m—3+i(k—m)+j(l—n)Ji' 
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However, by Lemma |3.3| (ii) and Lemma |3.4j (ii) we see that 



Em: 

The formula follows. 



'+./ / m + n-4 , . , 

m — 3 + i(k — m) + j(l — n) 



There are several consequences of Theorem 3.1 



Corollary 3.7 Let m be a positive integer. Then 



V(-W 2m ) 

~ \m-2i- 2jJ 



where T = G Z x Z | z — j = or 1}. 



Proof. Set n = m, k = m — 2 and Z = n — 2 in the formula of Theorem |3TT 
we obtain from Figure 3(a) that 



Em 



Therefore the equation holds. □ 



2m - 2 
m — 1 — 2i — 2j 



P(l,m) 



l,m) 



■\m— 1 



'Lm-1) 



m,l) 



(m,l) 



Figure 3(a) 



Figure 3(b) 



~1 



(m,l) 
Figure 3(c) 



Corollary 3.8 Let Fi be the i-th Fibonacci number. Then 



F2rn+1 



.V V m - 3i - 2 i/ 
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and 



(i,i)6T 

where T = {{i,j) GZxZ | i — j = or 1}. 

Proof. From Figure 3(b), we see that if n = m, k = m — 3 and Z = n — 2 in 
the formula of Theorem |3.1] , then the number of paths from (1, w) to (m, 1) 
is 



~ V m - 1 - & - 2jJ 



(i,i)eT 

Moreover, it is easy to see that the path from (1, m) to (a,m — a + 1) is F 2 a~i 
for every a, therefore 

*W-.= E<-W T~r 9.\ 

/ — ' Vm — 1 — 3z — z?/ 

Similarly, from Figure 3(c), we see that if n = m — 1, k = m — 3 and I = n — 2 
in the formula of Theorem |3.1| , then the number of paths from (1, n) to (m, 1) 
is F 2m _ 2 , i.e., 

^-E(-^( m _ 2 r_" 3! 3 - 2 ,)- 



Remark 3.9 Corollary ?? gives a new proof to a combinatorial interpreta- 
tion of Fibonacci number obtained by Andrews W in 1974- 



4 Multiplicity of determinantal ideals 

Let K be a field and X = (x^) be an m x n matrix of indeterminates over 
K. Recall that a ladder of X is a subset Y which satisfies the condition that 
whenever cc^a^y G Y with i < i' and j < f, then Xif,Xi>j G Y. With the 
help of the previous section, we can find the multiplicity of certain ladder 
determinantal ideals. 
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Theorem 4.1 Let m, n, I and k be non-negative integers with k, I < min{m— 
2,n — 2}. Let K be afield and X = (x^) be anmxn matrix of indeterminats. 
Let 

Y = {xij | 1 < i < m, max{l, I — i + 2} < j < min{n, n + m — k — i}} 

be a ladder of X . Let I = I r+ i(Y) be the ideal of K[Y] generated by the 
(r + l)-minors ofY and set R = K[Y]/I. Then the multiplicity of R is 

det[ (- 1 ) 

(o,6)eT 

where T = {(a, b) e Z x Z \ a - b = or 1}. 

Proof. Let r be the lexicographical term order of K[X] induced by the 
variable order 

X U > X U > ■ ■ ■ > X ln > X 2 l > ■ ■ ■ > X mn . 

Let /* be the ideal of K[Y] generated by the leading terms of the polynomials 
of / with respect to r and let G be the set of all (r + l)-minors of Y ; then it 
is shown in [11], Corollary 4.2] that G is a Grobner basis for / with respect 
to r, so that I* is generated by the leading terms of the polynomials of G. 
Moreover,, the multiplicity of R coincides with the one of K[Y]/I* and we 
can associate to J* a simplicial complex A such that K[A] = K[Y]/I*, where 
K[A] is the face ring of A. 
In the following we identify X with the set 

{{hj) I l<2<m, l<j< n}. 

Further we introduce the partial order (i, j) < (i',j f ) if % > i' and j < j'. As 
before, if P, Q G X, then a path from P to Q is a chain in X with endpoints 
P and Q. Therefore Y is a two-sided diagonal sub-ladder of X determined 
by Ck and C\. For any subset Z of Y, we use S(Z) for the set of points 
(i, j) € Z for which there is no point G Z with i' < i and j' < j. 

Let Pi = (i, n) and Qi = (m, i) for i — 1, . . . , r. Let F be a facet of A; then 
F = d U • • • U C r , where C x = S(F) and C< = <5(F \ U^Q) for i > 2. Notice 
that Ci nCj = if i ^ j and Ci is a path from Pi to for every i. Therefore, 
F can be decomposed uniquely as a union of non-intersecting paths from Pi 
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1 + (a 



m + n — i — j 

l)(z- l) + a(£;-m) + 6(Z 



?7 



to Qi, i = 1, . . . , r. Since the union of a family of non-intersecting paths 
from Pi to Qi, i = 1, . . . , r is a facet of A, we see by || Theorem 5.1.7] that 
the multiplicity of K[A] is the number of non-intersecting paths from Pj to 
Qi, i — 1, . . . , r. Now, if we replace m, n and I by m — i + 1, n — j + 1 and 



/ — z — j + 2, respectively, in the formula of Theorem |3.1| , then we obtain 

w(Pi,Qj) = J2(a,b)eT(~^) a+b ( m -i+a(k-m+i-l)+b{l-n-i+l)) 

m+n-i-j \ 
Z^(a,b)eT\ L J \m-l+(a-b-l)(i-l)+a(k-m)+b(l-n)/' 

therefore the multiplicity of R is 



det[ V (-lW m + n-i-j \ 

; \m-l + (a-b-l)(i-l) + a(k-m)+b(l-n)J- 



(a,b)£T 



by Theorem 2.4. □ 



By Remark |37| we have the following result for one-sided ladder. 

Corollary 4.2 Let k, m and n be non-negative integers with k < min{m — 
2, n—2}. Let K be afield and X = (xij) be an mxn matrix of indeterminates. 
Let Y = {x^ | 1 < i < m, 1 < j < min{n, n + m — k — i}} be a ladder of X . 
Let I = I r+ x(Y) be the ideal of K[Y] generated by the (r + l)-minors of Y 
and set R = K[Y]/I. Then the multiplicity of R is 



detl 



m + n — i — j\ fm + n — i — j 
m — i 



Let X be a skew-symmetric n x n matrix of the indeterminates x^, over 
a field K. Let R = K[X]/Q r , where Q r is the ideal of K[X] generated by 
the set of all 2r-pfaffians of X. Herzog and Trung |7]] have given a formula 
for the multiplicity of R. To end this section, we generalized their result by 
giving a formula to the multiplicity for (diagonal) ladder pfaffian ideals. For 
the definition and properties of pfaffian ideals, the reader is referred to 0, 
i and i. 

Theorem 4.3 Let r, I and n be positive integers with r < I < n and 2r < n. 
Let X be a skew- symmetric matrix of the indeterminates x^, over a field K . 
Let 

Y — I max{l, i — 1} < j < min{n, I + i}, 1 < i < n} 
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be a diagonal ladder of X . Let Q r be the ideal of K[Y] generated by the set 
of all 2r-pfaffians ofY and let R = K[Y]/Q r ; then the multiplicity of R is 



detf V f-iy +f Y 2n-2r-i-j \ 

[ v ; \n - r - i + a(-r + i - 1) +b(r - I - %)) 



i,j=l,-,r-l, 



(a,6)GT 

where T = {(a,b) G Z x Z | a - b = or 1}. 

Proof. Let r be the lexicographical term order of K[X] induced by the 
variable order 

.n— 1 ^* l.n- 

Let J r be the set of all 2r-pfaffians of F; then it is shown in that J r 
is a Grobner basis for Q r with respect to r. Let Q* be the ideal of K[Y] 
generated by the leading terms of the polynomials of J r \ then the multiplicity 
of K[Y]/Q r coincided with the one of K[Y]/Q* and we can associate to Q* r 
a simplicial complex A such that K[A] = K[Y)/Q*, where K[A] is the face 
ring of A. 



In the following we identify Y with the set 

{{h j) I 1 < 2 < j < min{n, I + i}}. 

We introduce a partial order on Y by (i, j) < if % < i' and j < j'. If 

Z is a subset of Y, then we use S(Z) for the set of all points (i, j) G Z for 
which there is no point G Z with i > i' and j < j'. 

Let Pj = (i,i + l),Qi = (n — i,n — i + l) for i — 1, . . . , r — 1. Let F be a facet 
of A; then F = C x U ■ • • U C r -i, where Ci = 5(F) and Ci = 5(F \ U^Cy) for 
i > 2. Notice that C,, H Cj = if i ^ j and Ci is a path from Pi to Qj for every 
i. Therefore, F can be decomposed uniquely as a union of non-intersecting 
paths from Pi to Qi, i = 1, . . . , r— 1. Since the union of non-intersecting paths 
from Pi to Qi, i = 1, . . . , r — 1 is a facet of A, we see from |3|, Theorem 5.1.7] 
that the multiplicity of K[A] is the number of non- intersecting paths from 
Pi to Q h % = 1, ... ,r - 1. 

In order to obtain our formula, we replace K by its proper sub-region as 
follows. Let Ti = {(i, j) | i + 1 < j < r}U{(j, n — 2 + 1) |n — r + 1 < j < n — i} 
and let Y' = Y\ U^T< (see Figure 4 below). 
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;i,i+i)r 



n-l,n) <5i(n-r,n) 
x 



^j-*(n-r ,n-r+ 1) 



Pi(l,r+l)P r _iXr,r+l) 
Figure 4 



Now, observe that if C is a path from p to Qi, then 

{(2, j) |i + l<j<r + l}U {(j, n — i + 1) | n — r < j < n — z} C C, 

so that C \ Tj is a path of from P/ to Q^, where P[ = (i, r + 1) and Q\ = 
(n — r, n — i + 1). Furthermore, if C is a path from P[ to Q^; then C" U Tj is 
a path from Pj to Qj. Therefore we see that the multiplicity of R is equal to 
the number of non-intersecting paths from P/ to Q[ (i — 1, . . . , r — 1). Now, 
by reflecting the region Y about x-axis and by Theorem |3.1| (replace m, n, k 
and I by n — r — i + l,n — r — j + l,n — 2r and n — l — i — j + 1, respectively), 
we obtain 



(a,6)£T 



1 



\a+b 



11 



2n — 2r — i — j 
i + a(— r + z — 1) + 6(r 



it follows by Theorem that the multiplicity of R is 
det[ £ ("I) 1 * 6 ' 2n-2r-i-j 

(a,b)eT 

□ 



n — r — i + a(—r + i — 1) + &(r — I — i) 



HJ=l,...,r-l- 



Corollary 4.4 Le^ J k a skew-symmetric n x n matrix of the indetermi- 
nates Xij, over a field K . Let r be a positive integer such that 2r < n. Let 
Q r be the ideal of K[X] generated by the set of all 2r-pfaffians of X and let 
R = K[X]/Q r ; then the multiplicity of R is 



detl 



2n — 2r — i — j 
n — r — i 



2n — 2r — i — j 
n — 2r — 1 



\i,j=l,...,r-l- 



21 



Proof. The formula follows by setting I = n — 1 in the formula of Theorem O 
and using the fact that 



2n — 2r — i — j 
n — r — % + a(—r + % — 1) + 6(r — / — z) 







unless (a, 6) = (0,0) or (1,0). □ 
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